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In this paper, we study rough toroidal pseudo-differential operators. 
We prove that they are bounded from H! to L' on torus for symbols 


in a critical rough toroidal class. 


How to cite this paper: Ramla 
Benhamoud "H1-L1 Boundedness of 
Rough Toroidal Pseudo-Differential 
Operator" Published in International 


KEYWORDS: Rough toroidal pseudo-differential operator; Rough 
toroidal symbol; H! (T"); Torus; Atomic decomposition 


Mathematics Subject Classification 
Primary: 42B05, 
Secondary: 35S05. 


INTRODUCTION 

The theory of pseudo-differential operators. was 
started by Kohn and Nirenberg and Hoérmander. 
These operators have wide use in the study of partial 
differential equations and harmonic analysis. They 
are defined on R” as follows 


Taf (x) = I e* a(x, DF Oaé, 
R 


where f is the Fourier transform of f and a(x, €) is 
called the symbol of the operator T,. According to 
the behavior of symbols and their derivatives, there 
are different symbol classes. 


Let N be the set {1,2,3, ...} and N, the set {0,1,2, ...}. We 
recall the classical symbol class introduced in which 
is known by H6rmander class $/"5;(IR" x R")(m € 
Rand0 < p,6 < 1). It is the set of functions a that are 
smooth in (x, €) and satisfy 


VEvea(x,€)| <c(1 + gpym-en tem 
for any N,M € No. 


The concept of periodic pseudo-differential operators 
was introduced by Agranovich. He presented a global 
quantization on the unit circle S' that could be 
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extended to the torus T". These operators can be 
associated with the symbols a:T” x R" » C or a:T" x 
R" + Cand denoted by a(x,D). The equivalence 
between them has been proven in . 


Let the torus T” = (R/2nZ)” and S(Z") be the 
restriction of schwartz space S(IR") on Z”. We define 
the toroidal Fourier transform Fyn: C®(T") > S(Z”) by 

Ff) = FO = my |e pada. 

TT 

Then, Fy is a_ bijection and its inverse 
Fai: S(Z") > C”(T") is given by 

f= > e* FmAO = > e* FE. 

fez" &ezn 
In , Cardona et al. defined the periodic Hérmander 
class So6(T” xR") as a class of Hormander 
symbols So6(R” x IR”) which are 27 —periodic in 
x, ie., the set of smooth functions in (x,é) € 
T” x R” and satisfy 
| af AFa(x,€)| < Ca,p(E)™ Plalto4l, 


The corresponding periodic pseudo-differential 
operator is given by 
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a(x,D) f(x) = (2m) [ [ el DE a(x, €) f (y)dEdy. 
Tt R” 


Let Az,, €€Z", j =1,...,n be the forward partial 


difference operators such that for each function 
f:Z" > C 

Ag, f (6) = f(§ + 5) -f®, 
and for a € NG 

Ag = Ae... Ae. 

The toroidal class Sp’5(T" x Z"), O< p,6d <1 is 
the set of functions a(x, €) that are smooth in x for 
all € € Z” and satisfy 


Ja? hatee)s ger 


for all a,B € NG. The toroidal pseudo-differential 
operators are defined by 


a(x, D)f (x) = > eae 2)f(2);. f €C°T"). 
éeqn 
Turunen and Vainikko — studied products and 
asymptotic expansions for adjoints of periodic 
pseudo-differential operators. More results about the 
calculations of these operators have been presented 
by Ruzhansky and Turunen in and. 


The boundedness of pseudo-differential operators for 
symbols in Hérmander class $7"; is an interesting 
topic that has been extensively studied in the theory 
of these operators. We refer to for results on R”. 
Many studies have been conducted to explore the 
boundedness of periodic pseudo-differential 
operators on torus T” and Lie groups. For instance, 
when symbols with finite regularity in x eT", 
Ruzhansky and Turunen proved the 1? boundedness 
for | a£a(x,é)| < C for all (x,é) € T” x Z" and |B] <n+ 
1 and without any regularity require for the variable 
€ which is better than results on R” since the torus T” 
is compact. In , the LZ? boundedness has been shown 
for a € S)5(I" x Z")(0 <6 <p <1). The same result 
has been proved by Fischer for the compact Lie 
group G. Delagdo — studied L? boundedness, he 
showed that for a € s??°-Y(I" x 2"), 0<p <1, the 
periodic pseudo-differential operator is bounded 
from L” into BMO, and by interpolation he concluded 
L?(2 < p < ~) boundedness. This result was extended 
to compact Lie group G in. Delagdo and Ruzhansky 
extended also L? boundedness for 1 < p < 2 by using 
duality. They proved also for symbols with finite 
regularity that the operator a(x,D) is bounded on 
LP(T")(1<p<o) for S(T" xZ"),m=- [F a= 
p)|1/p —1/2| — 5((*| +1) and || < [-| +1, where 0 < 


5 <p <1. For more results concerning L?(T")(1 <p < 
co) boundedness, one can see . 


The weak type (1,1) was studied in , Cardona proved 
that for a€S?5(1"xZ"),0<65<1, the pseudo- 
differential operator is weak type (1,1) on torus T”. 
For the multi-linear pseudo-differential operators on 
T™xZ", we refer to and references therein. 
Furthermore, in , Cardona et al. showed that the 
boundedness of Fourier integral operators in 
LP(R")(1<p<o) implies the boundedness of 
periodic Fourier integral operators in L?(T")(1 <p < 
oo), i.e., for pseudo-differential operators is also true. 


In , Kenig and Staubach defined a rough H6rmander 
symbol class L*s/" which symbols behave in the 
spatial variable like an L” function. It is known that 
Spi © LS)". Recently, Guo and Zhu studied endpoint 
estimates for the symbol class a € 57°") (R" x R") 
and rough class is ~). We recall their Theorem 


1.2. 


Theorem A1. Letae ieee Re x R"),0<p<1. 
Then the operator T, is bounded from H+(R") to 
LR"). 

For p = 1 they constructed a symbol a € S?, such that 
T, is unbounded from H? to L’. Similarly, we state the 
definition of rough toroidal symbol class L”s;"(1T” x 
Z"). 

Definition 1. The class L”5j"(T" x Z"), 0<p<1 is 
the set of functions which are measurable in x and 
satisfy || AZ aC, &) MWpecrny Ss (Ey™ Pl, 


In this note, we consider the rough toroidal class 
L®Sp'(T" Xx Z") and we obtain a periodic version of 
Theorem A. Our main result is the following: 


Theorem 1. [fae ag are x Z"),0 <p <1, then 
the toroidal pseudo-differential operator a(x,D) is 
bounded from H+(T") to I(T"). 


Remark 1. Theorem 1 extends the symbol class 
where the pseudo-differential operators are H* — L* 
bounded on torus to $S*{n(\rho- 
1)}_{\rho,\delta},O\leq\rho < INtextcolor{red}{,}$ and 
0 <6 <1. Our proof is based on the proprieties of the 
difference operator, i.e., we follow the method used 
in by using the difference operator instead of the 
derivative. 


This note is organized as follows. In Section 2, we 
recall some basic notions and lemmas about the 
periodic analysis of pseudo-differential operators and 
the atomic characterization of Hardy spaces on a 
torus T”. In Section 3, we prove Theorem 1. 


Preliminary notions and lemmas 
The following lemma is a periodic version of 
Proposition 2.3 in. 
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Lemma 1. Assume 0<p<1,a€ ia led 6 ig x Z") 
and 1 <p <o. Then the operator a(x, D) is bounded 
from L?(T”) to L?(T"). 


Proof. Since from , the L?(1 < p < «) boundedness of 
pseudo-differential operators on R” implies the 
boundedness of periodic operators on T”. Then we get 
directly Lemma | from. 0 


For two multi-indices a, 6 € N", B < a means that ~, < 
a, for all 1 < k <n and we denote 


ay _ . ae) _ = a! 
@) 7 [ |G) 7 lle — By)! Bet 
We recall some known proprieties for the difference 


operator A;. 


Lemma 2. () Let f,g:2">C. There holds 
A? (fg) (E) = Deca (#) Ae fAE ? gE + B). 


Lemma _ 3. Let f,g:2° >C€. 
Deea f (€) [Akg] ) = (-D" Leer 
[2¢f] (aE), where Ae f(E) = FE) — F(E - §)- 


Atomic decomposition for H? (1): 


Then 


As to the Euclidean case IR”, Hardy space on a torus 
T”(n = 1) admits atomic decomposition. For more 
details, we refer to and , where Folland and Stein 
showed atomic decomposition for Hardy spaces on 
homogeneous groups and in Qing et al. for Hardy 
spaces on graded Lie groups. And for n = 1, we can 
see . 


EEZ"—{0} élg[r- 


“A 


éls[r~7] 


M 


\§lsir74] 


\§ls[r-4] 


\éls[r74] 


we can take 8 = 1/3. 


Case 2. If r = 1 we can get 


eZ" —(0} 


Y b@unre = Yo be 1err+ Y 
*] 


1§1>[r7 
Yet fe jee —1oeniae + 
B(xo,r) 


1/2 
sie" {ia beolax+( YS be@OP} | Yer 
sisir-4] see PT PT 
1/2 
1/2 
2. HEI" 1 te (f [xpd] +i bte( ler? 
een 4) 
1/2 
tener ren » er) 
1 


Definition 2. Let 0<ps1<q<~™, $p\neqg 
qtextcolor{red}{,}$ and s is an integer at least 
[n(1/p — 1)]. We say a function b on T” is a (p,q,s)- 
atom if it is a compactly supported L* function such 
that 


1. there is a ball B such that suppb c B and 
S\\D\|_{L/¥q} NeqNvert B\vert\{ 1/q- 
I/pNextcolor{red}{.}$ 

2. Sgn b (x) x*dx = 0, 0<|a|=a,+ 
Gtactay = sand 2° = 2 a, 


where 


The atomic decomposition of H?(T”) is given as 
follows. 


Proposition 1. Let (p,q,s) be as in Definition 2. Then 
for all any (p,q,s) atom a, one has | a llqrcrn)S 1. 
Conversely, for any f €H°(T"), there exists a 
sequence {Aj}j-, such that f =Yj.A;a;_ with 
convergence in S(T) and (eiagey Sil f llnrcrry. 
Before giving the proof of our main result, we 


present the following inequality which will be used 
in our proof. 


Lemma 4. For any I?-atom b for H1(1") and n= 1, 
we have, Yeca_to)| b@)|IEI™ < C. 

Proof. From Definition 2, we have suppb c 
B(x, 1), Sn@o33 © (x)dx = 0 and |b Iles r7™”. 
Case 1. If r < 1, by using Hélder inequality and the 
inequality in |e~*> —1| S |x|®|E|° which holds 
for all 8 € (0,1), we can get 


| bE 


| bE” 


\§[>[r74] 
1/2 


1§1>[r— 


1/2 
s > | E[O-M 2/2 38/2 + ron2yn/2 > «r°] 
[§l>[r-4] 


>I[r 


1/2 1/2 
ones > 0" (> er) =i, 
feZ"—{0} &eZ"—{0} 
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Proof of our main result 


To start proving Theorem 1, we use atomic decomposition for H1(T”). It is enough to show || 
a(x,D)b Iliacrny)S 1 fora L?-atom b. We prove the case p = 0 latter, since the kernel is not rapidly decreasing. 


First, we consider 0 < p < 1. 
Caseof0O<p<1 
We denote the kernel of a(x, D) by 
k(x, y) = el @—WE a(x, €). 
From summation by parts in Lemma 3, one can easily show the equality 
(ei — 1)" eins = (-1) "aye, 
and since we are working on the torus T”, it is easy to check that the following inequality in 
payee > 16"? =i) 

Iv|=N 

is true for all x, y € T”. From [3.1] and [3.2], it yields 


(ei) = 1)" k(x, y) = »: (ete _ 4) ef O-Wa(x, €) 
gezn 


Y (—1)* [apese-»)] a(x, é) 


éez" 


Il 


yy elf -Y) Arla(x, &)]. 


éemn 


On the other hand, let Bj = {§ € Z”: 2)-1 < || < 2/+1} and |é|,. = max;|é;| where €; represents the i-th 
component of the vector € € Z”. It is clear that Z" = U jen, Bj. If we choose pw = 2/*1 and 0 < € < 1, wecan 


write 
Bey 8 [ute 
f€B; leu-1Z"\ {0},|llooS1 
s | |e" 
FEZ"\ {0} |EloosH 
[u]+1 
s Sie 
N=1 2€Yy 
such that 
Z™\ {0} = Unen {8 € Z": |F]0 = N} 
= Unen Yn 
and card Yy < CN”~1. Then, we can obtain 
[u]+1 
> (eyem < > N®-1 Né&-n 
EEB; N=1 
[4] 
Ss i x© dx 
0 
s ie 
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So, by some simple computations, we can estimate the kernel k(x, y) as follows 


“A 


le(x,9)| Je) 11" S| aka, 8) 


éezn 


“A 


ay" De deen 


éezn 
s ky YY cere -ve 
JENg €€B; 
< |x _ y|-% > 2Qin(p—1)—jNp+jn—je » (g)e-r 
JENo §eB; 
<s [x — y|-N > 2inp—jNp 
JENo 
s Ix-y|-" 


the last inequality is true for N > n. Then, if |x| > 2r, it yields 


la, DK =|[ kG boda] sf 1x-yP™ ODay s eI 
lyisr lyisr 
Part 1 
Assume r > 1, then 
| a(x, D)b Ilan) = [ | a(x, D)b(x)|dx +{ | a(x, D)b(x)|dx 
T™\B(0,2r) B(0,2r) 
Ss [ |x| -Ndx +r”? || a(x, D)b Ile 
T™\B(0,2r) 
< 1+r%/? || b lps 1. 


Part 2 


For r < 1, we use discrete dyadic decomposition (@;) Cc S(Z") asin. 
(0) 


jen 
> supp Do © {E € Z”: |E| < 2} and @o(E) = 1 when |é| < 1. 
> supp yp; C {EE 2": 2)? < |E| < 2/*7} for j > 1. 
> Foranyé € Z", one have 0 < gj(€) $< 1G E No) and D jen, G; (E) = 1. 
> Forany a € Nj, there exists a constant Cy > 0 such that 

4Z9,(€)| S CoE)! 
for any 7 E N,€ € Z”. 


Then, we can write 


a(x, D)b(x) 


el) a(x, Epi (E)b(y)dy 


4 Tm 
JENo FEB; 


> a; (x, D)b(x), 


JENo 
where B; = {€ € Z": 2/71 < |&| < 2/*1} and Bo = {& € Z": |E| < 2}. 
Using the L* boundedness result in Lemma 1, we can get 
| > a; (x,D)b(x)|dx < 1. 
Ixls3r SER, 
Now we shall prove 


[ | aj(x, D)b(x)|dx s 1. 
|x|>3r 
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Assume 2/ > r~1/, one can get 


J ae 2, | | e8@—¥) — 1]-N 2/0") |b(y) |dydx 
gisp-i/p °xl>3r gisyp=t/p * *l>3r “lylsr 
‘ | es |x — yl" |b) ldydx 
aizr-we *el>3r ly|sr 
= 2/PM-N) |e |-N gy 
gispet/o *\xl>3r 
. a 


For 2/ < r~1/, we have 


i aj(x,D)b(x)|dx S >. i 


2i<r-1/e 


>, 48a, 89) O5E)] 


2i<r-1/p geB; 


From discrete Leibniz formula Lemma 2, and for a # N, we can obtain 


|Ay-*b(E+a)| = [Ag ([ eo oorgy) 

< [ lytonlay 
TT” 
< r'~? |b(y)|dy 
1 
s ge, 
Then, we can get the following estimate 7 
[Az [a(x, 29; (G)b®)]| 
< )) [ag fac, de/E)]Ae “bE + @)| 
OsasN 
= |A¥ [ae 8p) EIIBE +N) +) 2iMO-D-ve pa 


O0<a<N 
< 2in(o-1)—JPN I HE + N)| + 3 2in(p-1) ial as ca 
O0<sa<N 
< 2in(o-D)-JPN I HE + N)| + 2in(p-1)9-jPN iPr 
S 2/n(-V-JPNT BCE + N)| + 2/Pr]. 
So, from Lemma 4 we obtain 
i | aj(x, D)b(x)|dx 
gicp=1/0 |x|>3r 
< [ | x|-N2im-D-JPNTB(E + N) + 2/r]dx 
gier-1/p |x|>3r $€Bj 
< >», >. 2in(o-1)-JPN [BCE + N)| + 2/7] 


2i<r-1/p feB; 


< >, > 2in(p—1)—jpN |b(é + N)|+ > > 2in(p-1)-jpN 2ipy 


2i<r-1/P FEB; 2icr-1/p §€B; 

< 2in(e-1)—JON | h(E + N)| + y 2ip(M-N) 2iPy 
2i<r-1/P FEB; 2icr-1/P 

<s ». » 2ien-JON IBCE + N)|JE|-™ + » 2iP(n—N) 2iPy 
2i<r-1/P FEB; 2ier-1/p 

= 1, 
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Case of p = 0 


In this part, we shall show that the operator a(x,D) is bounded from H+ to L* for the symbol a € 
L’So"(I" x Z"). As in the case 0<p<1 we first get the estimate for r=>1 then r <1. 
Part 1. Suppose r = 1, if x < 2r, from Lemma | we can get 


Il a(x, Db Ma(p¢x9,2ry)S 7/7 Wax, D)b Mays 7"? Il b lz S 1. 
For {x € T”: |x| = 2r}, we use summation by parts in Lemma 2 


"| >. 8 a? (a(x, 6) | 


éez" 


a" LD, 8 ae tax, yO 


t=0 &eZn 


|a(x, D)b(x)| 


x") Lae, D)Ly"b]@)| 
1=0 


where a),(x,D) is a periodic pseudo-differential operator with symbol AP ‘a(x, €). It is obvious that 

At a(x, &) € L°So"(T” x Z"). Since from Lemma 1, the operator a)(x, D) is bounded on L?(T”), one can 
E 0 

obtain 


| a(x, D)b(x)|dx 


“A 


n 
YL tarmac. o'or@nlax 
120 T"\B(X9,27r) 


n 


howeas 


“A 


> ro"? Il y'b Up2cqny 


roel <4, 


TAN 
MM: 


Sl 
I 
° 


Part 2. For r < 1, applying Lemma 4, it yields 
la(x, D)b@) = De a(x, EEE SD’ HEMEL ™aE <1. 
fez" &ezn 


Then, for x in {x € T”: |x|] < 2} we can get 
| | a(x, D)b(x)|dx S 1. 
|x|s2 


Now, we estimate the part where x in S = {x € T”: |x| > 2}. As above when r > 1, we can write 
2n 
jae, Db) -S [xl] Ye aR aCe, F)yE| 


1=0 &ezn 
2n 


2”) 1a, DYG"BYOOL, 


l=0 
where @,(x,D) is a pseudo-differential operator with the symbol A2”~'a(x, €) belongs to L®S5”. From 
l E 0 


Lemma | we have that G(x, D) is bounded from L"/“-)(T”) to L"/"-)(T") if n > 2 and from L?(T”) to 
L?(T”) if n = 1. Then, we have 


2n 
[ a(x, D)b(x)Idx < > [ | xl-2"| a (y!b) (x) Jax 


2n 


“A 


1+)" Wy! Manoa ¢qm 


l=1 
2n 


n 
S 1+) rt2 4b izans 1. 
l=1 


We use same computation for n = 1 by using L* boundedness. 
The proof is completed. 
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